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INTRODUCTION 
  

Magnetic Resonance Sounding (MRS) is used for 

groundwater exploration to map water content and hydraulic 

conductivity.  The resistivity of the subsurface has great 

effect on the electromagnetic field, then to affect the signal of 

MRS.  Homogeneous half-space model is used widely in the 

traditional MRS kernel computation, and the kernel is 

precomputed and stored for later use in MRS inversion.  

However, with the rapid development of joint inversion of 

MRS and other electrical and electromagnetic methods, a fast 

algorithm of MRS modelling for layered earth is needed 

urgently. 

 

In this paper, we first collect the expressions of the MRS 

response in layered earth, and get the unknown parameters in 

the expressions using the boundary conditions.  With the 

iterative method, the whole expressions can be obtained. 

 

The expression relies on evaluating integrals of the form 

0
( ) ( ) ( )F r f k g kr dr


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Where ( )g kr  is an oscillatory dual Bessel function.  The 

term ( )f k  is the kernel function that may also be 

oscillatory.  The integral can be resolved by two methods, 

including fast Hankel transform (FHT) and the standard 

quadrature method.  The FHT can obtain highly speed, but it 

failed to handle the divergent integrals.  The standard 

quadrature method can be slow to converge or may also fail if 

the integral is divergent.  Consequently, special care is 

required for their numerical evaluation. 

 

To solve the problem of the divergent integral in MRS 

modelling, a new method called quadrature-with-extrapolation 

(QWE) is developed.  A simple Matlab implementation of 

the fast MRS modelling algorithm is provided and is 

compared with the commercial software.  As shortly 

revealed, the results suggest that our method is faster than the 

commercial software for all layered models, and the accuracy 

is acceptable. 

 

METHOD AND RESULTS 

 

The amplitude of MRS signal is 
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where w( )z  is the distribution of water content, ( )z  is 

the distribution of resistivity; 
0

M  is the magnetization; 
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 
   is the hydrogen proton gyromagnetic 

ratio; 
1

B

 is the geomagnetic vertical component of the 

excitation magnetic field in layered earth; ( , ( ), )K q z z  is 

the kernel function, which represents the sensitivity of the 

receiver coil to the underground water and 
0

E  is the initial 

amplitude of the MRS signal. 

 

The general solution of Hertz potential is: 
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Where 0,1,2,...,j n ; 2 2

j ju k  ; 
ja  and 

jb  are 

unknown parameters.  To obtain the unknown parameters 

1 2, ,..., ,...j na a a a  and 
0 1 1, ,..., ,...j nb b b b 

 in the 

expression, we need to use the boundary conditions of F  at 

the interface to established an equation set made up of 2n  

equations.  Make the dielectric permeability of each layer  

the same, we can have the relations: 
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SUMMARY 
 

We have developed a fast numerical algorithm for 

computing the excitation magnetic field distribution of 

MRS for layered earth. We first give the expressions of 

the MRS response in layered earth, and then obtain the 

unknown parameters in the expressions using the 

boundary conditions. We use a new method named 

quadrature-with-extrapolation (QWE) to solve the 

problem of dual Bessel function’s calculation when the 

integral is divergent. We validate the results of applying 

our algorithm against the commercial software, and apply 

our method to a number of MRS synthetic examples. 

Surprisingly, our method is faster than the commercial 

software for all layered models, and the accuracy is 

acceptable. 

 

Key words: MRS, layered model, dual Bessel function, 

quadrature-with-extrapolation (QWE). 
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In the air 
0 1a   and in the base 0jb  .  Bring the formula 

(3) into dielectric boundary conditions (4), we can obtain the 

following equations satisfied by the unknown parameters.   

The surface: 
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The j-th interface ( 1, 2, ..., 2j n  ): 

1 1

1 1
j j j j j j j ju h u h u h u h

j j j ja e b e a e b e  

         (7) 

1 1

1 1 1 1
j j j j j j j ju h u h u h u h

j j j j j j j ju a e u b e u a e u b e  

       (8) 

The top face of the base: 
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We found that the relationship of the unknown parameters 

ja and
jb of each layer, as well as the 

ja  and 
1ja 

 of 

adjacent layer are linear, so it is much simple to solve the 

problem, and the specific formulas are as follows: 
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Now, the whole expression of (3) can be given.  We can 

obtain the radial component 
rH and vertical component 

zH of 

the magnetic field at ( , )P r z  in the j-th medium: 
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The formula above contains the product of two Bessel 

functions and has a divergent term.  To solve this problem, 

the formula can be shown as the following form: 
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Where 
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I use the zeros of the oscillatory function g  as the interval 

breakpoints 1i i
k k


 .  

i
F  can be evaluated using Gauss 

quadrature rule 
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Where m  is the Gauss quadrature order and w  are weights 

associated with the quadrature abscissae x . 

 

Similar to the FHT method, the formula (18) and (19) can be 

rearranged to 
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Where 
n

S  is the direct partial sum.  ˆ( ) ( )
j j j

x xg w g  is 

independent of the  , so it can be precomputed and stored 

for later use.  According to the QWE method mentioned in 

the reference 8, 
n

S  can be obtained.  So, after the iteration, 

the problem of expression (18) and (19) can be solved. 

 

Figures and Tables 

 
Take a five-layer model for example, the first layer is resistive, 

with the resistivity of 500 m , and the thickness of 20 m ; the 

second layer is the main aquifer, with the resistivity of 

100 m , the thickness of 20 m , and the water content of 

20%; The third layer is the aquifuge, with the resistivity of 

500 m , and the thickness of 20 m ; The fourth layer is a 

minor aquifer, with the resistivity of 100 m , the thickness 

of 20 m , and the water content of 10%; And the resistivity of 

the basement is 1000 m .  Fig 1 is the result of Hr and Hz 

calculated by the algorithm above (red coil) and the 

commercial software (blue line).  We can see that there is 

great consistency between the two.  And surprisingly, the 

QWE method took much less time than the commercial 

software. 

 

Fig 2 is the MRS kernel and initial amplitude of the above 

model, given by the QWE method. 
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Figure 1.  Hr and Hz calculated by the QWE method (red 

coil) and the commercial software (blue line). 

 

 
Figure 2.  MRS forward result using the QWE method (a) 

MRS kernel (b) initial amplitude. 

 

CONCLUSIONS 
 

In this paper we have given a simple way to calculate the 

excitation magnetic field of MRS in layered earth, and also 

introduced a fast method of MRS forward.  We validated the 

results of applying our algorithm against the commercial 

software, and applied our method to a number of MRS 

synthetic examples.  We can see that (1) the method to get 

the parameters in the expressions of the magnetic field is 

effective, (2) the QWE method can solve the divergent 

integration problem with great speed and accuracy, and can be 

employed in MRS forward.  The fast algorithm in this paper 

will be a base of MRS inversion. 
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